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The  characterization  in  the  frequency  domain  of  the  continuous 
linear  systems,  invariable  in  time,  with  the  index  functions  of 
exponential-polynomial  type 

(Caracterizarea  in  domeniul  frecvenfei  a  sistemelor  liniare 
continue,  invariante  in  timp,  cu  functii  indiciale  de  tip  exponen- 
tial-polinomial) 

by  V.  CIRTOAJE 

The  Institute  of  Petroleum  and  Gas,  Ploiesti 


The  paper  substantiates  independently,  but  nevertheless  sug¬ 
gests  the  probability  of  applying  the  operational  calculus  (Fourier 
transform) ,  the  correlations  present  between  the  frequency  domain 
and  the  time  domain  in  a  certain  group  of  continuous  linear 
systems  and  invariable  in  time. 

Due  to  the  polynomial  composition,  the  group  of  functions  of 
the  exponential-polynomial  type  considered  in  the  present  paper 
does  not  accept  Fourier  transform.  Nevertheless,  the  characteri¬ 
zation  in  the  frequency  domain  of  the  systems  with  index  functions 
of  the  exponential-polynomial  type  could  be  made  through  an  ade¬ 
quate  definition  of  the  frequency  functions,  based  on  the  response 
in  the  permanent  conditions  of  the  system  at  the  sinusoidal  entry. 

It  is  presented  the  methodology  of  determining  experimentally 
the  frequency  functions,  their  main  properties,  the  relations  of 
obtaining  the  index  function  from  the  frequency  functions,  and  an 
important  theorem  which  expresses  the  necessary  and  sufficient 
conditions  which  have  to  be  satisfied  by  the  frequency  functions 
in  order  to  correspond  to  some  systems  with  an  index  function  of 
exponential-polynomial  type. 

In  conclusion,  systems  in  series  connection  and  with  reaction 
are  presented. 

1.  Relations  of  convolution  entry-exit 

For  a  linear  system  with  an  entry  x,  exit  y  and  index  function 
a(t)  integrable  (in  Riemann  sense)  on  [0,<*  ) ,  situated  up  to  the 
moment  t«0  in  a  stationary  regime,  characterized  by  x(t)  *  y(t)  * 
*0,  for  t<  0,  we  can  calculate  the  exit  signal  y(t)  for  any  entry 
signal  x(t),  differentiable  on  (0,t],  with  x(0)  *  1/2  x(0  +)  and 
with  the  differentiable  x' (t)  integrable  on  [0,t],  with  the  rela¬ 
tion*) 


1 


[  a(0)*<0+), 


t  =  0, 


m  = 


4-)  +  ('  «(l  -  8)*'(6)flft,  t>0. 

’o 


Starting  from  the  definition  of  the  index  function,  as  a  res¬ 
ponse  to  the  system  present  in  initial  null  conditions,  when  at 
the  moment  t«0  it  is  applied  at  the  entry  a  signal  of  unitary  type: 


o  ,  t<  0, 
//(/)=_  o,r>,  <=o, 
i  ,  t  >o, 


the  relation  (1)  is  easily  deduced  based  on  the  properties  of 
superposition  of  the  linear  systems  (fig.  1) : 

y(t )  =  a(/)x(0  -f )  -f  lim  V  a(t  -  i'A)  [x(*A)  -  x((fc  -  l)A)J. 

*-i 

•A-l 


Fig.  1.  -  The  entry  signal  appro¬ 
ximated  by  step  type  signals, 
spaced  in  time. 


*  A  *4 


By  changing  the  integral  variable,  relation  (1)  is  brought  to 
the  form: 


jr(i)  =  a(0^(0  +)  + 


£  a(9)x'(t  - 


0)  d6,  »>0. 


*)  (from  page  1)  In  the  whole  paper  all  the  integrals  will  be  taken 
to  accept  the  following: 

\  -  lint  \  f[x#x  »  f  f(x) dr.  n  *. 


It  can  be  easily  proven  that  when  x(t)  is  not  differentiable 
on  (0,t],  but  there  is  a  division  of  the  interval  [0,t]: 

0  =  80  <  e,  <  . . .  <  8,  «  I, 

-  n 

so  that  x(t)  is  differentiable  on  each  interval  to  have 

the  differential  x' (t)  integrable  on  [&k-i  ,  ] ,  and  each  point 

have  finite  limits  and  a  value  equal  to  the  semi-sum  of  the  lateral 
limits,  the  exit  value  y(t)  is  given  by  the  relation 

=  t  «•.  +>  “  x<8‘  -)3fl(<  "  fl*>  +1  a(t~  9),'(®)d6’  <>0’  in 


where 


If,  furthermore,  a(t)  is  differentiable  on  ( 0 , t J  and  has  the 
differential  a' (t)  integrable  on  [0,t],  we  have 

'/(/)  «(0)  ).»•(/  •  >  -  rtt  ij  ~  it  |0  t  )r[t  —  )  f  C  (?’(/  —  0)r(0)«|0,  t  >  0. 

d"') 


2.  The  group  systems  with  index  functions  of  exponential-poly¬ 
nomial  type 

This  group,  called  from  now  on  the  group  of  the  systems  of  EP 
type,  is  characterized  by  the  property  of  decomposibility  of  each 
system  A  with  an  index  function  a(t),  in  two  sub-systems  B  and  C 
connected  in  parallel  (fig.  2) ,  the  first  with  an  index  function 
b(t)  of  polynomial  type: 


b{t)  - 


|o,r»  b0  ,  <  =  o. 


Z-tm-*  r-‘,  t>o, 
0 


and  the  second  with  an  index  function  c(t)  of  "exponential"  type, 

>' (  ,r’  <*>  -  0  (r,  P  =  o,  1,  2,  . . .),  (.1) 

CO  ...  .  — -  i 


-  3  - 


1 


1  .  \  4 
. .  \ 


differentiable  an  unlimited  number  of  times  on  each  interval 
t)t  ),  where  0=tl7<tt<  . . .  c.  t«  «  *»  and  having  in  each  point  t.<  a 
value  equal  to  the  semi-sum  of  the  lateral  limits,  and  its  lateral 
limits  and  those  of  the  differential  finite. 


Fig.  2.  -  Decomposibility  of  an  EP  type  system  according  to 
the  index  function 


The  operation  of  decomposibility  can  be  easily  effectuated, 
based  on  the  relations  presented  below,  in  the  order  of  their 
writing: 
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m 


lim 

!  -.<30 


"10 

r 


1  r  ■  1  .1 

lim  -  «(0  —  £  ,m~'  • 

I  -or  r-'  L  '  » 


bit)  £  fc„-i  r-\ 

i  n 


,■</)  -  M(0  -  fc(f). 


I  .  2 . »*/. 


.  I  ' 

'  *  t 


3.  The  determination  of  the  frequency  functions  from  the  index 
function 

Let  us  assume  that  at  the  entry  of  the  system  A  we  apply  a 
signal  which  contains  the  sinusoidal  component: 

j[l)  .=  .4.  sin  +  9). 


With  the  help  of  the  relation  (l1)  we  can  find  the  answers  of 
the  sub-systems  B  and  C  corresponding  to  this  entry  sinusoidal 
component : 

.¥•(0  =  -  -4  £  <«  -  •) !  £  — — —■ — — -  sin  U  +  }  + 

/=•  (m-t -*)!«*  V  2  ; 


.4  sin  (<yl  +  9)  £  — ^ - — — —  -  eon 


[m  -  «)!»,-, 


(m  —  iyit 
2 


.  .  .  ,  “  («  —  /)!  bm.t  .  (m  —  i)it 

-  .4  cos  +  9)  £  ' - ■  ■■■  sin  - - — 

w"-‘  2 


4 


ft 

=  .1  sin  9ti<)  r  Aw  nin(w<  -r  <P)\  Il®v*in  w9d0  -4- 

0 

-f*  -4w  c*o*(<i>l  -f  9)  i  e(8)  oosuOdO. 


lim(  e<8)  sintuftdO  =  C**  c(8)sin«8d8, 

‘-m  ■ «  jt 

lim  ^  c(  8)  cos  u8  d 8  =  C  c(  8)  cos  u8  dO, 
0  Jo 


exist  and  are  finite.  In  consequence ,  in  a  permanent  regime,  the 
exit  signal  of  the  system  contains  the  sinusoidal  component: 


y{t) 


=  4l 

L>-i 


(m  —  j) !  bm~,  (iw  —  1)  n 

- - - - =-J-vo*  - 


-~-n  4-  c(8)  sinuddO  jftiD((»t  — o> 

wjj  c(8)cos  fc»8d8jcos(w<4-9), 
based  on  which  there  are  defined  the  real  frequency  functions: 

+  «  ^  c(8)*in«8d0,  (i») 

4-w^  c{  8)  cos  u8  d8,  (6) 


+  4  f-f  JSLzi)i&aII|BlfL=i!? 
L  .0  •  2 


U(m)  -  V  - -> !  *?-.«  cos 

.r,  w*-'  2 


K(*»)  «  _  f  !  *S=i  ,in  {2.-.?)* 

...  2 


and  the  complex  frequency  function: 

Ftjm)  -  u(m)  +  jf(«)  -  £  {m  ~ 2 ~r9-  +  >  C  *<•  de-  (7) 

.T«  (jw)"'  J# 

From  the  expression  of  the  sinusoidal  component  of  the  exit 
signal  y^(t)  in  a  permanent  regime,  we  obtain  the  frequency  func¬ 
tions  of  the  sub-system  B: 


(m  —  i) !  b9., 


(m  —  i)n 


(8) 


u.  (<*)  *  s 

Va  (“) 


cos 


mm  m  ' 

-0  <■» 

_  f  «„  . 

A  «—  3 


r  r  •  i  T*  (**  —  *)  •  bm~i 

■  or- 


(9) 

(10> 


and  from  the  expression  of  the  sinusoidal  component  of  the  exit 
signal  yc  (t)  in  a  permanent  regime,  we  obtain  the  frequency  func¬ 
tions  of  the  sub-system  C: 


(7c(co)  =  ta  i  0(6)  sin  o>6  d6. 

-0 

at) 

Vc(<*)  —  \  c(6)  cos  o>6  d6f 

(ij) 

Jo 

Fc(j<i>)  =  jw  l  c(6)  d6. 

'0 

(13) 

Observations 

a)  Starting  from  the  index  function  of  the  system  A: 

«(!)  «  £  K-i  r-‘  t  <10, 

1^0 

we  find  for  the  transfer  function  the  following  expression: 


A’l-v) 


r*  (Ml  I  I  !  b  w  _  j 

I  0  * 


r  *  \  r(l) 
■  o 


ti /. 


The  relation  (7)  proves  that  in  the  EP  type  system  the  complex 
frequency  function  can  be  obtained  directly  from  the  transfer  func¬ 
tion  by  replacing  the  complex  variable  s  with  an  imaginary  variable 
jo>  * 

b)  The  complex  frequency  function  F(jco  )  of  an  EP  type  system 
can  be  well  defined,  as  being  the  ratio  between  the  representation 
in  the  complex  Y(t)  of  the  sinusoidal  component  y(t)  at  the  exit 
of  the  system  (in  a  permanent  regime)  and  the  representation  in  the 
complex  X (t)  of  the  sinusoidal  component  x(t)  from  the  entry.  True, 
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X  (0  =  .4 


y,<,  J/.'i*,)  -j-  AVMe^,+v+  4  =  -•»[  !’(*.)  -r  jT(«)] 


and  thus 


Y(t) 

-—  =  P(w)  +  jT(to) 


(14) 


4.  Decomposibility  of  the  EP  type  systems  after  the  frequency 
functions 

Taking  into  consideration  the  relations  (7) ,  (10)  and  (13) , 
the  decomposition  of  a  system  A  with  a  complex  frequency  function 
F(j«)  in  the  two  sub-systems  B  and  C,  takes  place  with  the  help 
of  the  relations: 

=  ~~  lim  (;«)"  F  (jv), 
m !  “— ** 


bm-t 


— - - - lim  f  (j«)"-‘  f(j'oi)  —  V  — _ ^  ! bm~‘  1  ,  =  i  •)  m 

(*  -  o !  -4  U  )  ,e#  (;•«)'-'  J’  l> . . 


*.<*.>-£  -L"-  - f) !  *-« , 


(15) 


Also,  taking  into  consideration  (5) ,  (6) ,  (8)  ,  (9)  ,  (11)  and 
(12) ,  the  decomposition  relations  after  the  real  frequency  func¬ 
tions  U(W)  and  V(<*)»  are  the  following: 


(-D 


m  : 


—  lim  t»>"  U( w),  »  ^ven 
1 


2 


1 — — -  lim  to"  l'(w),  m  = 


(- 


M  -  1 
2” 


(m 


- - Mm  f  '  U{»)  -  V 

-  t) !  —4  L  i-o 


(m  -  /)  ( m—Dit 


e<»8 


o 

m  —  i  — 


M  —  l+l 


even 


»-»■(.)  -X 


(w—  /) !  .  (w—  /)« 


(w  —  ij !  »-«  L 


;-o 


sin 


m  —  i  = 


odd 

(16) 


r.<.>  _  f  <»  -  '>  . 

i*o  2 

„  ,  v  £  (**  -  i)  !  (m  -  /)w 

1  .(«>--  E - "TIT -  *m  - o - 

«-0  w  - 

rc(6»)  =  r(w)  —  PB(<o), 

H(«)  =  r(o>)  -  r„(o»). 


5.  The  experimental  determination  of  the  frequency  functions 

Starting  from  the  fact  that  the  frequency  functions  of  the  expo 
nential-parabolic  systems  are  defined  by  the  expression: 


//(<) 


,  /  2b,  h.  \ 

(  o.  "  o.)  4  •lr(6,)"‘iM(w/  ‘  ?»  •  •  ?U 


which  expresses  the  value  in  a  permanent  regime,  of  the  exit  signal 
in  the  system,  when  at  the  entry  there  is  applied  a  sinusoidal 
signal  x  =  A  sin(<53  t  +  </?),  we  easily  grasp  the  methodology  of  deter¬ 
mining  experimentally  the  frequency  functions  of  the  systems  of 
this  type  (fig.  3) . 

We  adjust  until  the  exit  signal  yt  oscillates  around  a  constant 
value,  and  then  b',  is  adjusted  until  this  constant  value  becomes 
zero.  The  values  found  for  the  coefficients  b",  and  ba  are  inde¬ 
pendent  of  the  frequency  of  the  entry  signal. 


8 


(17) 


In  the  case  when  the  component  b(t)  of  the  index  function  is 
represented  by  a  polynomial  of  a  higher  grade,  m?2,  the  coeffi¬ 
cients  of  this  polynomial  can  be  determined  experimentally  with 
the  aid  of  a  diagram  based  on  the  relations  of  aecomposibility . 

6.  Some  properties  of  the  frequency  functions 

a)  From  the  relations  (5)  and  (6)  we  find  the  frequency 
function  is  not  influenced  by  the  components  b<;  t*-,  i  -  odd,  of  the 
index  function,  and  the  frequency  function  V(^)  is  not  influenced 
by  the  components  b^t*',  i  -  even,  of  the  same  function.  Thus,U(^  ) 
does  not  contain  the  information  regarding  the  simple  integral 
character,  triple  integral,  etc.,  of  the  system,  and  V(<sc)  does 
not  contain  information  regarding  the  proportional  character, 
double  integral,  etc.,  of  the  system.  Hereby  we  have  the  conclu¬ 
sion  that  the  frequency  functions  U{^  }  and  V(<^),  taken  separately 
do  not  ensure  the  complete  characterization  of  an  EP  type  system 
(of  its  index  function) .  In  the  following  paragraph  we  will  see 
that  both  U  ( cc  )  and  V  ( )  permit  the  complete  determination  of  the 
index  function  c  (t) ,  and  the  complex  frequency  function  F(j£-  ), 
through  its  two  components  U(4C)  and  V ),  it  enables  the  complete 
determination  of  the  index  function  a(t)  in  the  group  of  EP  type 
systems. 


Fig.  4.  -  The  group  of  index  Fig.  5.  -  The  group  of  index 

exponential-linear  functions,  exponential-linear  functions 

characterized  by  the  same  characterized  by  the  same 

frequency  function  U ( ^ ) .  frequency  function  V ( cO  ) . 

b)  Based  on  the  relations  (3) ,  (10)  and  (13) ,  we  find  that 


10 


the  frequency  functions  are  differentiable  an  unlimited  number  of 
times  in  relation  to  on  the  interval  (0,«»)  [2],  and 


d'Fctiu) 


}  -)  r  +  J«fl)6'-1  c(8) <5 0,  r>0. 


from  here  results 


IS  =~re~'”  f  »'-,<*(e)de, 


and  from  here 


lim 

«— 0  |j  ixir 


jim^VcM 
«-*o  d 


(-ip*  rC  (K-i^ewe. 

- . 


(_i)T-rf  y-i^ejde, 

Jq 


Also  from  the  relation  (13)  we  obtain 


d'  r  Fc(ju>) 
d<*ir  I  oi 


J  -  j"  er  c(  8)  e  V]  det  r  >  o. 


from  where  it  results 


jT  f  Fcijui)  1  -r  l,-|m  r« 

:L~^~J  =  e  *  J  ftr<f(®)«ie, 


and  from  here 


lta-tria-nj  ’  r~ 

u~°  do/  I  w  J  fcl 

J  (-!)*[  8rc(e)def  r  = 
Jo 


-  11  - 


even. 


odd. 


fci-0  li<Uf  L  <u  J 


(-1)*' 


o 


O'  o(8)d8,  r  =  even, 
•  r  “  odd. 


(26) 


c)  Following  the  integration  in  parts,  the  relation  (7) 
becomes : 

»  i  -  —  +  E  [«'*♦>  -«(/,.)!«->*-*  + 

iTo  (jw)“ 

+  £  f*  *'<•>•-*■•  (16,  (27) 


from  where,  by  repeated  differentiations,  we  obtain 


df  A'Q'w)  _  "  (m  —  I  +  r  —  1) ;  (nt  —  /) 
(!*»'  ,To  (Jfc»r  *+' 


+  s'  [•(*•♦)-<•«».) i «*• 

+  V  8V(8)e  /*>  !. 

»  v  -  , 


(28) 


If  the  index  function  c(t)  is  continuous  on  (0,*°),  direct  [2] 
or  by  the  effectuation  of  a  new  integration  in  parts,  from  the 
relations  (27)  and  (28)  it  results 


lim  F(jw)  =  b„  -  —  </( O  -f- ), 

(29) 

lim  df^-)  =0,  r  >1. 

(30) 

«-»oo  do/ 


Following  the  successive  integration  in  parts,  from  the  relation 
(13)  results 

FcU*>)  =  £  Fciij**)  +  Fr,  (jw),  (31) 

/-O 


12 


where 


P*i  (jto)  ~ 


l 


«-M,  ,12) 

FntM  ~  ,i0. 


Since 


w«  _1'_.  [  Fr'(j<»)  ]  ; 

<!<■>'  L  w  J 


^  ( -1  )'”(?  +  »•-»)  \qn  ftk  r... 

A  ,ii,  +  r -.5  S,t  i  ,H*  »  ’  .16, 


(34) 


direct  [2],  or  by  a  new  integration  in  parts,  we  obtain 
lim  <J>  ,,f  •  f  Fc*(j--  -  ]  =  0.  q  >  0,  r  >  0.  I-V>) 

“-«•  <iwr  L  <•*  J 

d)  From  the  relations  (5)  and  (6),  we  find  immediately  that 
the  frequency  function  U(*i)  is  even,  and  the  frequency  function 
V(«)  is  odd: 


n*,)  =  n-u), 

(38) 

i’(to)  ~  _  T(  -  w). 

(37) 

e)  If  the  index  functions  of  the  two  systems  and  A^are 
connected  by  the  relation 


<*i(0  =  «s(*0. 


(38) 


then,  from  (7) ,  it  results  that  the  complex  frequency  functions 
of  the  systems  satisfy  the  relation 

*’,(»  =  yt  “j .  ‘  (3») 

In  consequence,  at  an  "expansion"  ("contraction")  of  the  index 
function,  there  is  a  "contraction"  ("expansion")  of  the  frequency 
function. 
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7.  Determination  of  the  index  function  from  the  frequency 
functions 

The  index  function  c(t)  can  be  represented  on  the  interval 
(0,«»)  by  the  two  real  Fourier  integrals: 

2  f*  (• 

c(0  =  J  sinadduy  c(  0)  sin  a»8d0  = 

2  (-<» 

—  —  1  cos  t*i  d<it  V  c( 8)  cos  w8d0,  (40) 

it 

from  where,  based  on  the  relations  (11)  and  (12)  it  results 


•i  /■* 


Uc  («*) 

Oi 

sin  <i>t  du, 

<>0, 

(41) 

Vc(ot) 

Cil 

COS  tot  du, 

<>0, 

(42) 

and  from  here 


» “O  7T  '0  '  r 

~  £  +-— •  (  c04t((J<tjw^  <>0.  (44) 

•  -o  it  Jt  u  ' 


Taking  into  consideration  that  Uc  («0  )  is  even  and  Vc  (<t»  )  is 
odd,  the  relations  (41)  and  (42)  permit  the  expression  of  the 
component  c(t)  of  the  index  function  in  relation  to  the  complex 
frequency  function  Fc(j),  in  the  following  two  forms: 


Lt- 

It  Jo  Jto  2k  J -<m 


Fc(j<») 


d«u.  (45) 


In  conformity  with  the  relations  (41)  and  (42),  c(t)  can  be 
determined  either  in  function  of  the  frequency  U& (* i  )  or  of  the 
Vc(ea  ) . 


Since  (£*  )  can  be  obtained  from  U((.0  )  and  V-  (ot  ) ,  it  results 
that  c(t)  can  be  determined  either  from  the  frequency  function  U(*u;  ) 
or  from  V  ( ^  ) . 


From  the  relations  (43),  (44)  and  of  the  decomposibility  of  the 
CP  type  systems  after  the  frequency  functions,  it  results  that  in 
order  to  determine  the  index  function  a(t)  we  must  know  either  U(40  ) 
and  its  behaviour  around  the  value  *0  of  the  function  V(AJ)(or 
VjjU'd  ))»  or  V(w  )  and  its  behaviour  around  the  value  X  »0  of  the 
function  U(iC  )  (or  U8(«;  )). 

8.  Parseval  theorem 


Using  in  turn  the  relations  (41)  and  (11) ,  we  have 

r  c*<o  <!<=*—(  c  _ 

Jo  it  Ij  Jo  (0 

*  -  6V(w) 


~\ 

n  J  o 


dw  (  r(t)MiD  hit  d(  =  —  (  f  cifc>>  1 

It  .Q  (t)  J 


Similarly,  based  on  the  relations  (42)  and  (12)  we  obtain 


c*(t)<it  = 


2 

n 


l  c(m) 

<t> 


dw, 


and  from  here 


(4«) 


9.  Integral  correlations  between  the  real  frequency  functions 

From  (11)  and  (41) ,  respectively  (12)  and  (42) ,  we  obtain  the 
following  relations  of  dependence  between  (A>  )  and  V&(co  ): 


-  mm  i  (*<l*  (of  (if  l 

*  J%\  Jo 


-  Mil  f.#f 


10.  The  recognition  of  some  EP  type  systems  according  to  the 
frequency  functions 

From  the  properties  of  the  frequency  functions  deduced  from  the 
paragraph  6,  there  are  obvious  the  following  conditions  necessary 
for  a  real  frequency  function  U('v)  to  characterize  an  EP  type 
system: 

a)  The  values  of  the  coefficients  b„^(m  -  i  ■  0,  2,  4,...), 
resultant  from  the  relations  of  decomposibility  of  U(ni),  to  be 
finite; 

b)  U(*  )  must  be  an  unlimited  number  of  times  differentiable 
on  ((),«•); 


:)  |mi  jr  flLdi?!]- . 

<ur  L  <•*  J  H'lnt.  f  =■  i.  * . 


where 


-  (.*»  -•  i)'.K  .  ^ 

/v«-)  =  r (»)  -  t - r: —  '",l  — j 


d)  for  any  q^l: 


where 


I  r  (w)  — 1  J  f  *i  (<•»)  1  r«  (<u), 


|  e  l  /  ItZ  \ 

^•|(«*>  •-  .  y  *»*  I  <•»*»  -  |,  0  -=  /,  <.  I , 

<*•  » -«  v  -  / 


Further  on  we  will  show  that  these  conditions  are  also  suffi¬ 
cient  for  U(M  )  to  be  the  real  frequency  function  of  an  EP  type 
system,  that  is  to  exist  an  index  function  a(t)  of  the  polyno¬ 
mial-exponential  type,  to  which  it  corresponds  the  real  frequency 
function  U  (6»  ) . 

For  this  we  will  prove  that: 

-  the  function 

,■(/)  —  -  f  — li^iL  sin  w/  dco,  t  >  o. 

7T  (li 


satisfies  the  relations 

iim  /'  <•*>  (/)  ^  o.  r,  u  o,  l,  > . 

I  —OP 

is  differentiable  an  unlimited number  of  times  on  the  interval 
(t**i  ,t*.  ),  where  k*l, 2, . .  .n-1  and  t„  *  co  ,  has  in  every  point  t«. 
a  value  equal  to  the  semi-sum  of  its  lateral  limits  and  its  lateral 
limits  and  those  of  its  differentials  are  finite; 

-  the  system  with  the  index  function: 

"«)  =  I  /—  +  m 
» -• 


has  U(*&  )  as  a  real  frequency  function. 

Performing  successive  integrations  in  parts  and  taking  into 
consideration  the  properties  b) ,  c) ,  and  d) ,  the  function  c(t)  is 
brought  to  the  form: 

^  ^  c  [  j~Ln  "n  [- + (-^]d-  *«»-•.  <*» 

from  where  it  results 

Iim  e  c(t)  =*  o. 


Further  the  function  c(t)  is  decomposed  in  two  components: 
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.  m  sin  f  8  r  ~~ -  i  +  l)K  ] 

I  (I  +■  itY  1  — t _ J 

l  JiHj 


dft  - 


»-  (/  -  l»)‘~  ’ ,*1  ( 


sinf  6  -4.  l-=±rS.  -  1  -  iiZF 

l  -  1 

T 


0is,  r-»  +  2 


<16  r  • 


(.*>4) 


(35) 


We  have 


liiu  f  i  *i  (0  *  ®» 


and  so  much  more: 


liin  f  cfi'*'  (I)  -  0. 

For  q?p  +  2,  there  is  the  equality 


lira 


0, 


which  enables  us  to  write  the  relation 


'•£'(')  --  2  £ 
IT  i  ^ 

<  - 1 )' 

i 

V- 

1 

ft. 

* 

«. 

r« 

rlr'1-'*1  ), 

“L  J  x 

x  “in 

L,  ,  <r  *  » _+  >)«' 

den. 

l  2  j 

1 

from  where  it  results 

lira  r  rift'  (0  =  0, 
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and  taking  into  consideration  the  previous  results, 


lim  r  &•'  (0  =  o. 


For  r  +  1  *  0,  the  function  c.j  (t)  is  an  unlimited  number  of 
times  differentiable  on  (0,°^),  c*j(t)  is  differentiable  on  the  same 
interval  at  least  (q  -  2)  times  (q  -  arbitrarily  chosen) ,  and 


<*«(*) 


£ 

*-o 


*1* 


s: 


COS 


(•*+*)■ 


-d<>>. 


For  1=0,  we  obtain 


—  <*)  —  Sift  -f  i.t)  _ 


(58) 


where  by  H(t-t*)  we  marked  the  Heaviside  function: 


fl</  -  tk)  = 


o,  t  <  ik, 

0,5  t  =  tk 

1  t  >lk. 


In  the  points  t*  ,  k^0,  the  function  c-$(t)  has  a  value  equal 
to  the  semi-sum  of  its  lateral  limits,  and  the  functions  c^tt), 

1 y 0 ,  are  continuous . 


For  each  interval  (t^,t*),  the  functions  c  2i(t)  are  differen¬ 
tiable  an  unlimited  number  of  times,  and  in  the  points  t*  the  late¬ 
ral  limits  of  their  differentials  are  finite: 


<#*•«>  = 


;  .5  - 1 


■os  -f  **  sill  -f-  j 

—  iIoj,  [>  <  l. 


J  -x+l 


ll(t  -  tk)  - 


(-1)' 


8i(t  -f  lk)  —  *  Si  (I  —  f,)j  p  =  l. 


+[5r^rT‘"} 


(59) 

p>L 
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In  addition/ 

‘•'"('r  ->  -  =  f Sw(«,4-)  -  -  Ip.. 


(•>0) 


At  last,  taking  into  consideration  the  relation  (5) ,  the  sys¬ 
tem  with  the  index  function  a(t)  accepts  the  following  real  fre¬ 
quency  function: 


r*(«) 


£  (m  -  i) !  bm-t  _  ( nt  ~  ,)it 

L  L'0”  .» 

■  •0  (d 


(  sin  <u6  (18  C  -  .sin  u6  d<u 
It  Jt  Jo  <u 


and  since 


DUa) 

6w 


can  be  represented  by  a  Fourier  integral: 


£'<•(«)  2 


to 


— -  ("  sin  toO  <10  (  — — — —  mii  to 6  dco, 

TC  Jo  Jo  CO 


it  results 


cr*(to>  =  £  cos  4  rr<«)  =  C^(to). 


.0  to 


Similarly,  we  can  present  and  demonstrate  each  theorem  which 
can  express  the  necessary  and  sufficient  conditions  in  order  that 
a  real  frequency  function  V(«),  respectively  a  complex  frequency 
function  F(j«)  to  characterize  an  EP  type  system. 

11.  Series  connection 

We  will  show  that  by  connecting  in  series  two  systems  A*  and 
of  EP  type,  with  complex  frequency  functions  Ft(jtf*)  and  F-(j*>), 
we  obtain  a  system  A,  also  of  EP  type,  with  the  frequency  function: 

F(ja)  =  F |(j<o)  •  Ft(ju).  (61) 

Based  on  the  properties  of  decomposibility  of  the  EP  type  sys¬ 
tems,  the  series  connection  of  the  two  systems  can  be  represented 
in  the  form  given  in  the  figure  6. 
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If  the  regime  is  stationary,  characterized  by  the  null  initial 
conditions  and  it  is  applied  at  t=0  an  entry  signal  x(t)  of  unita¬ 
ry  step  type,  we  obtain  at  the  exits  of  the  systems  A^  and  A  the 
index  functions  of  these  systems: 


Ha  ( t )  =  »,<<), 


!h(t)  =  <-!(<), 
Hit)  «  a(t). 


Pig.  6.  -  EP  type  systems  in  series  connection 

Attaching  the  index  1  to  the  values  which  characterize  the  sys¬ 
tem  Aj  ,  and  the  index  2  to  the  values  which  characterize  the  sys¬ 
tem  At.  based  on  the  convolution  relations,  respectively  (1),  (1'), 
(1")  and  (I"'),  for  t70,  we  have: 


is  ~  A*—1—*  m  hi,  — 

"»1  *  I  A 

Maci*)  *  -t-  JJ  (wi,  O  -  0)"1'  1 

*0  Jo 


mi  •  a  r 

,(f)  t  2  (»«4  I  -  6)"‘  ■  - 1  rt( 0) <1 6,  (64),, 
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Ucc  (0  ~~  2  l4*l( 

*-o 


At  -  Vh-  £  C“  «  ,(!-  8)  <-•!(  0)  40,  (65)  ... 


and  for  t=0: 


.WO  —  «3(0)«,(0-i-). 


Prom  these  relations  we  obtain  the  following  expressions  for 
the  polynomial  component  b(t)  and  the  "exponential"  component  c(t), 
which  make  up  the  index  function  a(t)  of  the  resultant  system  A: 


*<0  =  £  bl.t  r- t-J  b'm,_,  /-■-  -f  V 

•-«  -*  ,Ti 


where : 


tmO  cm~i 

•-» 


*».-i  =  £  («i  -  *)<2gr2.i  {  (-a)‘-*-'c4(8)d0, 

i~0  Jo 

*«.-<  =  £  mt  -  k )  **.«.-*  r  (-«)'-*-l«,(9)de,  (67) 

*-*  Jo 

c(0  =  ii/ilO+VilO  -  £*  (m,  -  (<  -  er-',cI(d)d6  - 

•  -0  j| 

-£(»»*-  »)**.«,-*(  (<  -  or*—  c,(9)de  -j- 

*-0  Jl 

+  £  C°i(V  +)  -)]<>,(<  -0,»)  +  £  (*’*  fa(<  -  0)c-i(6)d6.  (68) 

*-•  *-«  V*-i 


In  order  to  find  out  the  frequency  function  of  the  resultant 
system  A,  we  assume  that  a  sinusoidal  signal  x(t)  =4sin(£Ot+f  ) 
is  applied  at  the  entry  of  the  system.  Using  the  complex  represen 
tation  of  the  sinusoidal  values  and  taking  into  consideration  the 
relation  (14),  in  a  permanent  regime,  the  sinusoidal  components 
of  the  exit  signals  from  the  systems  A^  and  are  written  as 
follows:  ” 
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y\(t)  - 

Y[t)  =  b\(jo.)  Y,(t)  —  b'.,(jo>)t\ijoi).\{tu 


resulting  the  frequency  functions  of  the  system 

A’(j<u)  — -  b\(jo>)F2(jui), 


/'(a.)  =  r,(<o)(72(to)  -  i',(co)r2(6,), 
»  (<0)  =  /7,(to)F2(to)  F,( to) f7,( to). 


A: 


12.  The  connection  with  reaction 


Let  us  assume  that  the  system  A,  formed  of  the  systems  A<  and 
A  z ,  by  a  connection  with  reaction  (fig.  7),  is  of  EP  type,  and 
that  a  sinusoidal  signal  x(t)  =  A  sin  (<w  t  +  f  )  is  applied  at  the 
entry  of  the  system. 


Fig.  7.  -  Systems  in 
connection  with 
reaction 


Using  the  complex  representation  of  the  sinusoidal  values  and 
taking  into  account  the  relation  (14),  in  a  permanent  regime,  we 
have 

Y(t)  =  F(j<o)X(t), 


and  from  here 

Y  2(0  =  Ft(jo>)Y(f)  =  F2(ja>)F(jv).Y<f), 
r,(t)  --=  A*(t)  -  y2(o  =  [i  -  F,(jb))F(jo>) ]_y (/). 

X(t)  =  F,(j«,)Y,  ft)  =  Fl  (jio)[l  -  F 2(j«o)F(j«o)].Y(0. 

From  the  two  expressions  of  the  sinusoidal  component  ^(t)  of 
the  exit  signal  from  the  system  A,  it  results 
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r(j*>)  = 


U<*) 

1  -  F,(j6»)F2(ja>) 


r  {to)  — 

P,(a>)[i -f  rua>)r *(<*)- i',(mif’,iw)r3(w)-  r,( o>)f7g(a>)]  >  • 

[T-4- r,(w)F,(w)-  v,(w)r=(w)i2 -4- [ r,ifo) r;u..)  -  r, {«)*'.(«)  ]* 

l'(w)  =-  (<M 


In  order  that  that  the  resultant  system  A  is  of  EP  type,  it 
is  necessary  that  the  real  frequency  functions  U(^)  and  V  (t*  ) 
given  by  the  relations  (69)  satisfy  the  necessary  and  sufficient 
conditions  so  that  every  one  of  them  is  able  to  characterize  an 
EP  type  system,  and  the  index  functions  of  these  systems  have 
identical  "exponential"  components,  that  is 

f*30  ^  t‘(0>)  -  C***  l  (tOi) 

Jo  tii  Jo  Gi 


It  would  be  interesting  to  establish  under  which  conditions 
this  theorem  also  ensures  the  sufficiency;  up  to  now,  the  author 
has  not  found  a  counter-example  to  confirm  it. 


OBSERVATIONS 

a)  If  the  resultant  system  A  is  stable,  and  the  real  frequency 
functions  U(*i  )  and  V(<a  )  given  by  the  relations  (69)  satisfy  the 
necessary  and  sufficient  conditions  so  that  every  one  of  them  is 
able  to  characterize  an  EP  type  system,  then  the  system  A  is  of 

EP  type. 

b)  Let  us  assume  that  the  system  formed  by  connecting  the 
systems  A<  and  A*.  is  described  by  the  differential  equations  with 
delayed  concentrations  [9].  In  conformity  with  the  Nyquist  cri¬ 
terion,  for  the  resultant  system  A  to  be  stable,  it  is  necessary 
and  sufficient  that  the  hodograph  of  the  function  F*  (j£>)  F-  ( jeo  ) 
not  intersect  the  real  axis  in  the  interval  (-«*,  -1], 
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